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Lo INTRODUCTION AND SUMMARY

Tests of the existence of correlaticn between the movements in two time
series, which eliminate at least the primary effecis of irends in the serles,
will be presented in this article., These tests are medifications and generalie
zations of a west for correlation proposed by Moore and Wall‘ls[_ “,’4;1] and of tests
proposed by Goodman and Grunfeid [(?':ip E 5?? A test of the existence of trend
in & time series will also be presented here, This test is a generalization of
& test for trend proposed Ly Jox and Stuart "&.}

The tests presented hers can be applied to certain kinds of time saries
that are m-dependent. 4 time series ¥= {X.L"‘ X‘,:v”o,,xnﬂ is defined as
m-dependent 4f (YTXZ:,M”?;_J-) and (XX

SR 2 A m«l)
ever J > ilm (see [[ 3] ). For an medependent time series, any two observations

are independent when.

X_lﬂ X 3 will be independent whenever J > i+m, Iwo examples of m.dependent

time series are the following: (I) if the :(1,,)(2““ ’xn-i-l are mubtually ine

P

dependent, then X As O-dependent; (Ii) 4f X Ls a process of moving averages

of the form

m
X, = L 0(, f’b 2
2 e A3 07T

ras

&
where the ¢, are {unobserved) mitvelly indepcndent vandom variables (420, %L,32, 000

o
(see [!'] ) f-a? ©]), then X 4s medepondent. Otha examples of medependent time

serles couwid be prosented here, but thls will no. bo necessary.

The earliler papers by Moore and Wallis [ / -‘H',. Goodman and Cronfeld i?] 0
[83 o Cor and Stuart {é?]r pressent tests that can Le applied to certain ki-ds
of time serles that are O-dependent. {(The case 1here the series of first

;-

differences are O~deperdent is also disenssed in /% 4)  For times series %hat

are not O-cependent but that are w.dependent fo» rome m % ). these tests require

modificaticn. The purpose of the present paper g to present simple medifications
of these tests that can be applied to certaln Wincs of m-dependent (m 2 0) time

series of long duration.




It is often the case that observed time seriles are not O.dependent. The
earller papers dlscussed tests for O-dependent time serles partly because
mathematical results were mrove readily avalleble for this specilal case; 1.9.,
the case of mutuwally independent random variables., The sarlier avthors were
of course aware of the fact that the observed time series, to vhich tests
approuriate for O-dependent serles were applied, might actvally not be O«
dependent. For example, Cox and Stuart [_;2],, in discussing their test for trend,
peint out that *positive serial correlation ameng the observations wowld ine
crease the chance of a sighificant answer even in the absence of a trend’s
legop, 8 significent answer obtained by an applicaticn of thelr test for trend
to a (serially correlsated)time series wight be due to the presence of serial
correlation rather than to the presence of a trend, The modification of their
test presented Irn the present article dees not have this disadvantage,

Moore and Wallis[ 14] point out that some of the %hechnlques presented in
thelr paper are "restricted in scope by the fact that in many time serloes
problems neither the hypothesis of sequentlal randomness in observations nor
that of saguentisl randomness in the differences is tenable®, The modiflcations
of thelr test presented herein are not so restrlseted in score,

In order to apply the tests presentod here, it is not necessary to know
the specilic valne of m that describses tho orlar of deperdence of the observed
time series. The value of m could ba zoro ¢r any positive integer. The
megndtude of m chould, however, be small relative to the duration of the
observed “ime asrles. The teslts nresentsd here under the assumption that th
velue of m is cpecified will actvally be svliable aeven if the true value of
m is less than tha%t specified. Thus, even if thera 1s douvbt concerning the
true value of m for a particuler w~depondmnt time seriss. iU wlll stdll be
possible to apply these tests. Tor time serles that are not m-depsndent for

any value of m fe.g.. vhere X. and }C,L are not indepondent for any 1< 3},
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the methods presented herein are not to e recommended,

If time series X is ml-wds-;gpandant and time series ¥ is m?»dependem’c.,
whersa my and m, may have different valves, then the definiiion of w.
dependence given above implies that both series are fzudependent,, where

ﬂz 1-‘-’2!13?!1[!019102“} « The tests of the existence of correlation between the move.
ments in X and Y presented herein under the assumption that both X and
I are a-idgpendent can be applied by taking m:/?l o Denoting win Eml,,mz-] by
fﬂ{ » the statistlc appropriate for testing the existonce of correlation betueen
the movemants in X and Y iu the case where X and Y are /Z ~dependent,
will convoarge in probability (under the null hypothesis when X and Y ave
/? =deperdent) to the statlstlc appropriate in the case wheve both X and Y
ar%;f( ~deoendent. The test sbtatistlic appropriate where both X and ¥ awve
ﬁ%’ ~depenient can be used (instead of ths tost statistic appropriate when X

end Y ave dﬁadependam;) even 1f the order of dependence of X or Y

Y s

greater <han /&’{ Thus the test presented in [ ?]n which was justified there ir
the case “hoere both X and Y

PeS

are QO-dependent, can also be Justified in the

case whors one of the m.dependent series 1s not Qudenendent but the other one
is,

The ests presenced in tha eariier papers :ere tased wpon the signs of

. “ . el P .,-'“27 foa s
tue Xj._..x._., for j> i, W=12,50.r In L (}? Jand oG, =14,

« .
8=

1=h,8 00061y AN
~ N . ] ) .
LF] . el 421,200tk (ks a Plxed positive integer); inf<2], other

pairs of 1.3 were used (e.g., j=i+2(n¥1)/3,3=1.2,...,(n¥1}/3), If the sign
of the di “ference X iji is posiiive, then thie 7total movenment® in

tizs 1 nd J s positive,

¥ Dbetween
Most of the Lests presented in the present papew,
wili also be based on the signs of the daifferonces (L.e,, the signs of the

5 T4l 7,
movements  in the time series, Moore and Wallis g’_ 14- / have pointed out that

bir certann types of data the signs of differences are more accurate than the

magnltude 1 of elther the ohservations or th.e d3 ferences ,,... Wilh economio
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measures of the kind for which index nmupbers ave ordinarily used, 1t may be
certain that a change has been in a glven direction (e.g., when all componsnts
¢f the index change in the same way), questioneble how mush the change has

been (because of ambiguities in the welghting system), and meaningless to
state an sbsolute standing®. For these types of data and for data available
only in ordimal form, the methods presenied herein may be particularly well
suited,

It was not necessary, in the earlier papers, to assuuse that the distribu.
tlons fron which the observations Ymgt’;\mi?ad a spacific form (0,8., il was noct
necessary Lo assume that the observations were normal varlates) in order to
derlve the distrlbution of the appropriste test stobistics. The tests presented
there wery distribubionefres, It was, however, assumed ia these papers that
the obgservations werco muaitually independent and that the distribution from which
they haggﬁas continuous. "o derive the asymptortic distributlion of the tosi
statistics presented hexeln, the assumiions male will be scmewhat more gener

The calculations required tc perforiz the taists presented in the earlier
papers and those presented Lorein are raither slmple. ;v’hile the modifled tests
presoented here requlre more calecvlstions than tiis earlier tests, these calcu-
lations romain simple,

Let X {xln:\zwoa n+1§‘ and ;{ X Y b Do two dhfferent ob.
served tire sevies of equal duration., Let X, .-X, =W, and Y. .Y -Z for

A DN M § (K0 R
1=L,2,.0,,.0. We shall for convendense assume et the VW, and Zj have con.

tinuous- distributions, et U'i=1 if f & 0. and UizO if W N % 0. Let
VystoAr %4y 0 and V=0 AE 2, £ 0. IF U, =1, then & positive wovemer:

in X occurred between times L ang Ll AP "v"iwu then a pesitive movement

in Y occarred between times L and 141; iF U ir:‘v' " =}, vhen a pesitive co«
movement cacurred; if Ui‘«ﬂ. g =0, then a negative comovement occurreds; if Uj'z:O,-»
V., or AF U =1, V =0, then a tonbramovement lcok place., (The term “comovement”

A

r. - f * 4, a
vroad here 18 acopisd from earller work by Friedpang 2 ZQ It was also used by
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Grunfeld in [! i]o The term ®contramoverent” ls adopted from Goodman and
CGrunfaid [ T].) The observed disitribution of the n pairs (U”V,x}

(for i=1,2,...,n) ocan be summarized in the followlng 2x2 cross classifica=

tion tables

!
U 4 1 0
1 a b
Q c T

The pumber of positive comovemenis in the two time series is a; the number of
negative comovements 1s d; the number of comovements is atd; the number of
contramovenents s bie; the number of positive movements in X is atb; the
nutber of positive movements in Y s ate,

The uwsual test of Independence in a 2x2 oross classification table (see
8o &g [ﬁ 7] s DD, 65«7%) corresponds to a test o whether a differs significantly
from its estimated espected value, A=(atb)(a+e)/n, wnder the null hypothaesis
of indepencence, It tests vhether a-A=A differs signdficantly from sero
using the fact that the estimated variance of £ is %= E(a-sh)(c“}d)(aﬂ:)(bm) /nB_E‘
under the null hypothesis, Moorz and Wallis [! 4_} have suggested that the usual
2x2 table test applied to the table glven above could be used as a test of the
existence of correlatlon between the movements n X and Y, whlch would
eliminate at least the primery effects of trends in the series. They polnted
out that .his test is appropriate #for the czse of randomly arranged Esigns of
i;he;} rst differsnces’ in I apd in Y. In the case where X and Y are
pursly rardom processes (l.e., Q.dopendent statnonary time series), they noted
fm}: ! ‘;l} that the signs of the first differerces ‘u the sorles wonld have a
negatlve cerlal correlatdon, and thet if the 2x itable test, which was jusiie.
fled by them when the signs of the fivst differences are randomly arranged.

leads to :eceptance of the hypothesis that correlation is absent, then it

oy

3
=
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surely would lead to acceptance of this hypothesis 1f the #mull hypothesis of
random observatlons were usad; bui nothing more can be said definitely until

the sampling distribution [ot' Aj gppropriate Lo the assumption of random cbhserva-
tions is known.” The problem raised in E— f‘*}) led to the derivation by Goodman
and Crunf'eld E‘ﬂ of the sampling distribution of A for purely random processes
o long durablon and also for a certain kind of generalizabtion of such time
series, (They showed in EC?} that the usual ectimatse sz0 of the wariance of

(ﬁs required modificaticn,) For these time serles, a simple test of whether &
differed slgndficantly from zero was obtained.

The test proposed in [ﬁ’] 1s appropriate when the X and Y are ¢-dependent
anc. the series U—{‘,”U e \.gUn% and V—t{‘flw‘izroc”\’n} are stationary. For
such vime series, thls teslt is 2 test of the exlsience of correlation between
the movements in X and Y t{hat takes into sccount (a) the time trends that
mey exist in X and in Y, and {b) the serlel correlation betweon tho signs
of the first differences of O-dspondent time sories. (Ths Moore.Wallls test
takes into account (a) but not (b), and & related test by Stuart [I 3] takes
irto account (b) but not (a}.) Wicn X and Y ave m-dependent (m » 0), the

L
test in L’:J does not vlly take iato accour? the serial correlation betimwen

-

the signs of the firsht differeaces. The test prasented hereln wlll taks inko
account toth (a) and the serial cerrelation ietswen the signs of the first
differences of w.dependent “lime serles,

Toests of the =xistence of correlation botwaan tne poveriants in X and Y
bosed on Al=ash cempare the observed number, a, of posgitive comcvements, given
table, with ites astimated cspecied value, A, when the mui
hypobhesic of independence 28 truz, Since A 13 based on (a+b)/n  and
e)/n . which are wmeaswres of an zepeet of ths firend” An X and in Y,

respectively. tests based on /) tost whether thz observed number of positive

comovements eon be Yexplalned® by the trends In X and dn Y alone, If we

N

w—

L
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denwote the estimated sxpected values of byc¢,d, in the abeve 2x2 table, by
B=(ath) (otd ) /i, C=(a+c)(o+d)/n, D (otd) (b’!-d)/'np respoctively, we ses that
Bl DB b G E(aem) (il f2= [ (@ro)e(ore) ] f2= Z{ !{(aM ~(b+32}
- L(a—»b)m(c—rd)] L(dlc) = {b* d)J /n} Ju={adube)fn, Thus, a tost of whother £
differs sigrdficantly from zero is also a dest of whether the number of o
movements (atd), the number of contramovements (bte), the difference between
the number of comovements and contramovements (£a+d:§n %;b-i-c] Y, differ from
vhelr respectlve estlmated axpected values, Tt is a test of vhether the
observed values of (atd), (bie), (Ea&d]w Eﬂbﬂz} ) ecan be Yexplained® by the
trends in X and dn ¥ alone,

The statistic &/n is the observed covarlance hetween Uﬂ. and V¥ 5 0
For certaln types of data, of the kind referrec. to in \il"}:} » Where the Ui
(and Vi) are more accurate than the wi (and Zi\, tests based on the observed

covariance between Ui and V‘J.
observed covarlance bebween w_‘ 30

test based on the observed covariance between U

are to be preferred to tests based on the

and 7 The methods used here to obtain a

and V, can be modlfied in

i i
a straightforward fashion in order to obtailn a simllar test based on the

observed covarisnce between '»45 and Z 3°

sented here, Tests based on the rank covarlance {or the rank corrvelation)

The latter test will also be pre-

batween Wi and 2 5 could also be obtained, Which test should be used in

a particular situation will depend upon the type of data available, on the
accurancy of the U 5 and Vi as compared with the wi and Z.,, and on the
particular null and alternate hypotheses under consideration. For example, if
tne wi and Z1 forn O-dependent stationary normal serles, the usual test

of the null hypothesis that the correlation beiwsen two normal variates is
zero should be applied to the (w,‘_@zj} (860, Q.fay ‘&3} Yo In some sitvations,
tasts based on the rark correlaion betwsen the Wi and Z will recommend

themselves (see, e.,g., related remarks in g, "/'J 33 in other kinds of situvations,

discusse” earlier herein, tests based on the 1.,Y,) wlll be mere appropriate
I3 iD X A
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Under the null hypothesis that the U; and ¥, (or the W, and Zi)
are indepsndent, the covarlance betwesn Uy, and V’i (or between wi and Z'l)
will be zero, It will sometimes be of interest to test the nvll hypothesls that
thls covardance 15 some specified value other than zero. For certaln kinds of
nedependent. time serles, methods of testing such hypotheses, of estimabting the
magnitude of this covariance (i.e,, the covarisnce between Uj. and V,J_ oy
that between Wi and Zi)” and of cbtaining confidence intervals for this ¢oa
varlance, will be prasented in this article, These methods requlre WoOrse COWs
putation than the methods referred to sarlier herein.

The U, and ¥V, (or the W, and Z:i.) are based on the differences

X j..xi and Y j"Yi for J=i4l., In other words, movement is here defined in

tarms of the difleronce in the time series ah sueccessive time points, The
resulis cbtalned in this case can be generalized to the case where movement s
defined in terms of the difference in the time serles at time points k units
apart, where k 1s a fixsd positive integer. These gencrallizations are pre.
serted in Section 3 hereln.

The methods used to derive tests of the exlstence of correlaticn between
the movemnents in medependent time serles carn also be used to derive tests of
the existence of trend in sach series, We precent such z test in Section 4,
Other tests for trend could also be z:ead;l:lv derived,

Most of the tests presented here are based on a dichotomous classification
of the movements in X (and in ¥} indicativg whether they were positive or
neggative. Some of ihe resulis presented herein can Le modified in a straight.
ferward Tashlon for situstions where other Tlzud methods of ¢lassification, into
o or moye classes based on the magnitude of the movements, ave used, The
erogs clessification table desceribing the joini distribution of ithe classified
movements dn X and in Y can ba analyzed in ways other than those discussed
vare, For example, the preblem of measuring the extent of the correlation be

wwacn the movewments din X and ¥ can bs conslidered, in part. a problem in the

e ———————
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measurement of assoclation for this cross classification table. For a dlscuse
sion of the latter problem, see {_}“9}9 £ U} » and the literature olited theve, The
particular method of analysis that will be appropriate will depend on the purw

pose of the partldcular investigatlion at hand.

2, TESTS BASED ON a-h

We giall use the same notation as in the preveding section, We agsume
throughout that X and Y are medependent (m > 0), Thus, U= '{Ul pU2990¢ ”Un%
and V= évl,vzwmvn} are (mtl).dependent. For siuplicity we assume also
that U and V are statiormacry., (This assumptlon implies that trends in X
snd Y will be, in a certaln sense, elther constani o wnonexlstent; some of
the results presented here will hold under nere general conditions, bub we
shall not go into these debails in the presert naper (seeo DE}J).,) For such
series, we shall now present a test of tvhe hypothesls that U eand V are
independont,

Sinea the U and V serles are (m+l).depsndent, we know that the
cov {Ui"U'L %}- = (f; . #nd cov {V’i,\f 1 %} = ﬂf#? " w11l be zero for T > mtl.

[
el

j,;‘z:-:lb iUi i and

To estimate 6& and Q'P L for ¢ €wtl, we Srst compube 2.
h ;Etvivl o for t=ll;2,000,mF. The statistic By is the observed numbey of
palrs of ¢ime points, ¢ uniits cpard, wheore there were positive movemenis in

X (at both time points in the palr); h't is the observed mmber of pailrs of
time points, © units gpart, whers there were positive movements in ¥, These
quantities can also be obtainad from 232 tables of the following forn describing
the observed distribusion of the {n.t) pairs iUiﬁU_H *i;) and (Vi“vi-i-t) for

=1, 25000 Db

N H ] W
‘ Uiﬂ: 1 0 ! ™ N Rt 4 0
u, V. ™
AN g A
o ! - ¥
1 E ) s
- e S !
St Ty ~A, l‘v’,uzs\ﬂrvn% R — a ;-1“ ,,,,,,,,,,

R

f

e G s e e

/
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The entry in the upper=left cell of the first table will be ¢ £ and the entry
in the corresponding cell of the second table will be h-t" (It 1s interesting
to note that the usual 2x2 table test of independence applled to the palrs
(Ui“U.i ﬂ_} and to the pairs (Vi"vi +l) has been suggested as a test of the
hypothesis of randomness in the U series and in the V serles, respectively;
i.2., the hypothesis that these series are O=denendent {(see Lég E’]] Yo
Having cormuted g and ht . the following consistent estimators of 61; and

(F y are obtained:
A .
(2.3) € =g /nnt)~ | (a50) i}

=g,
T:"C

-n

and

S
(.2} CP =h, / Nt ) t;r“(a“-'c)/n:_nE “

Wrising
(2,3) sz (i) Lo} (a+c)(b+d),"n3 .
ard
o bl A
(Eoi4) sm')' “2n % «é’;h (%P

=1 '
shall nrove in the Appendix that, when U aad V  are independent, the

asymptotic distributicn (n—Pow) of
(2.5) (2=A) /&

whil be normald. with zaro wean and unlt variance. ‘The statlistie (2.5} can
therefore be used to tost whether U and V¥ are indepenﬂent.
1 A
The test proposed in U*‘ laid not Zncluce the term 2r i‘ @4 &3/ %
. 2 . .1,*"
in the vartence commuiation 3.e.. s was used rather thar 5%, The test pro.

(W L R T
posad J.n J.m(uur@ri‘ the term JC Q but uot Zn & «: @‘,, N
12

If wime soxtes L s iy -depe epdent, and wloe serles Y s r\?maapen'iv.,m
. ) e h
then €~O for + > mJ L, Q? ,,,50 for © > mn,tl, @;,, ({b ,b:'vO for > .a £t
] - ' £ [

wWhe re{,ﬂ' & =md n 57y Lo dt foliows fyom this that (2.4} ean be rvaeplaced hv

bk i de .

S
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(2.6) ¥ = sPaan tz g_,tqwb .
in the computation of (2.5}, In particular, tests appropriate for the case
vhere X and Y are O-dependent will be appropriate aiso for the case where
one of these m-dependent series is not O.dependent and the other one is. It
can also be seen that the test app"‘cpi*lal,o for the case where both U and V
are Oedependent (obtained by replacing s? by s ) wlli be appropriate also
for the case where one of thess m-dependent scries ls not O-dependent and the
other one 1s.
If X is ™ ~dependent ard Y 1is m?udepsniant,, then X and ¥ ave
u-dependent. where ma.x{mvmz] o In what follows we take memax [;"1”“'2 [ o
The test described above was based on the Ui and Vi A similar test
could be based on the W_L and 2;_Lo Assuming that W= { v ?,,M,,f,w g and
T ; zl,,,aga“.,,z E form stationsry series, the covardances cov W:L"wi wg"‘“ E-?
and  cov « 'f i +t§ (ﬁ) cen be estimated conslstently by
S
# o
P % )
(2.7) Et g/ (o)
A
(2.8) (Zit = h*/ant.)aZ .
5y n-t - I n
s = ¥ oo A Wo=ooX = 5
where g} Z: wiww o bE M'Iiéih, oW R o, 2 Zi/n » for |
1 A=l a=1 i=) -
wn,gzgo,onmﬂ.o Writing
(2.9} Sy = (W mWP (n.1) -
'L"l '
2 n D
(210} sy = I (Zy-2) [ (n1)
=3
(2.31) A = s‘ﬁs?n .
oy 5 mEL f*m -
(2.2) B = evuon (Pf .
), “ v

2t follows from the results in the Appendix thet, when W and 4 are
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independent the asympitotic distribution (n-¥®w} of
n oAnS,
(2.13) 2 W, 2, wrdZ) 85
=) "
will be normal with zero mean and wnil vardance. (To apply the Hoeffding-
Robbins form of the cenbrel 1imit theorem B 5_?,) we assume herse that the third

absolute moments of W, and 2 g are findte.) The statistic (2.13) can there.

i
fore be used to test whether W and Z aro independent., As eariier herein,

the statisbtic (2.12) can be replaced by

], A Py
(2,04) B o +2nﬂ-.. L P
3

in the compubtation of {2.,13),

Tas preceding asymptotlce resulis wers derived under the rwll hypothesis
that W and 2 (or U and V) were independent. We shall now consider the
case where W and Z need not be indgpendent, Let 6% denote the covardance
between W 5 and Zie Under the null hypothesls considered in the preceding
paragraph. @%=0, We shall assume that the W,Z, fowm an (m+1)-dependent
gtationary sexries; this will follow as a consequence. in the case where W
and 7 are independent, of the fact that the W and 2 are {(mtl)-dopondont

stationary series., The statistic

A
2.15) er = 2 w Z, /n,,,wz b

is a congistent estluator of 6%, Wriling

)
4 oy A
(2.16) W rL(w RO TCANR ) TN Sle Z)/(nmi;),@*z
:L—-

for m0,0,2,.0,,m1L, and

LA g

(27) B pfr W%.,—? s~ “%f

1% follows from the resulis in the Appendix that the zsymptotic distribution
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(2.18) (8% - e%)n/o*

will De normal with zero mean and unit variance. The statistic (2,18) can

therefore be used > oblaln approximate confidence intervals for €% and o

‘test the hypothesis that &% 1is some specified value, say, Ggo When the mall

hypothesis is that Wi and Zi are independent, then @ng and the velve of
%" can bo replaced by G,

Iet & denote the covarlance between Ui and V1° 4 method analogous
to that presented in the preceding paragraph could be used to esbtimate 6,
obtain approximate confidence intervels for @, and test hypothesls concerning
., The detalls are glven in the ippendix herein. When the null hypotheslis
ig that @&=0, the test presented ‘at the begiming of this section will bs
simpler to spply than will the test corresponding to the one presented in the

proceding paragraph.

3. TESTS BASED ON 'a'k:”Ak

We now present a genevallzatlon of the tests described in the preceding

sectlon, It 18 also a generalization of the tugts described by Goodman in %%’J

Let X=X, =, and Y, oY,=%,  for 151,2,...,nHk, where X 1s

a fixed imbteger. We shall for comvemlance assime thalt the Wik and 2 have

ke

o toribulions, 1 I R K L 2 =
continuous distributions, ILet UMg 1 wm 0, and U =0 if wik < 0,

Let Vikzsl if Zﬁ.k >0, and VY 3 Jl::‘l if Zﬁ..k < 0, The observed dlistribution of
the wkl-k pairs (U, ,,Vik)n for 3=L,2,....0FL:le, con be summarlzed in the

following 2x2 cross classification tablas

Vs ' :
1l o |
ik ™
3 3 D,.
n
0 % 1 %

ook

T T
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For k=i, a0, bk-"sb,, &= Co dkﬂd,. For k> 1 the definitions of ak‘.b °°k°dk
arve analogous to those of a,b,c,d, where now “movement” is defined by conslder-
ing pairs of time points k unmits aparit, cather than palrs of suceessive time
points.

A test of the existence of correlation between movements im X and Y,
whi.ch eliminates ah least the primary effects of trends in the series, can be
based upon a modification of the usual test of independence in a 2x2 table
applied to the table given above. This wouvld test whether a, differs signifie
cantly from its estimated expected value, Akg(ak+bk)(ak+ck) [ (n¥1ak), uvnder
the null hypothesis of independencs.

o gl LK) [ .

Lot U0m 4 UpyoUppeesooo Ui § 7 gYikﬂvék”°°°“Vn+1mkgk§'° Assun-

ing that X and Y are mdependent, then U k) and V(k) will be  (mik)e

dependent., For simplicity we also assume that U(k) and V(k) are stationary.

ntlekat ntleket
y = 1 h,. = v o Writin
vev gy = B Ui PacT B Tadia o RS
2 12
(301) é’ tkmgtk/ (n'{‘l"’k“"t)‘“ E(ak%'bk)/nj 0
X 2
JORN . . [,., :C AY
‘:Jﬂ“/') Cptk"htkf/ (n'i'l"'k""i‘)" E;\“k k,/n] ?
23: & 3/ 1 3
(3.3)  shula ) (40 ) oy o ) (o )/ (meek)?
, w2 2, o ke
(3.4) S, =5, #2 (n+lak) 'EMQEE & 4?1”,}( o
=1
(k) vl
we shall preve in the fppendiz that, when U ' and V™7 are independent,

the asymptotic distribution {n-woo) of

s 3 N
(3.5} CNIES
1s normal with zero mean and uwnit variance. The statistic {3.5) can-therefore

be used to test whether U(k) and V (i) ars .ndependent.

SOPR

ikt 1 l‘ T
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ndeon of tham ). The tests of the oxistence of correlailon (based on the U

i5,
The test proposed in {_g] was also based on the ak'"Ak" but that test was
derived under thae assumpbion that m=0. In thls special case, the serial

covariance, 5§Lkg between Uik and Ulﬁc " is garo for <« k; the serdal
u

s covarlance, @}1ﬁc” between Vik and V14%9k 19 zovo for ¢ k. Thus, when

w=(, ‘the variance formula (3oﬁ) cah be replaced by

P
(3:.6) 5 = skﬁzgnmk+1)c quk 0

which corresponds to the variance formmla glven inﬁlB] °

The test in Section 2, based on the (U,,V,), is & spacial case of the test

given in the present section based on (Uiknvjk)o Similariy, a test analogous
to the one based on (Uikgvﬁk) could be presented, based on the Cwikgﬂik)
rather than on the (Uik” ‘); vinich would be a direct generalization of the

test in Section 2 based on the (wipzi)o Writing Qy(or 8f) for the covariapce

between U and Vik (or between wik and Zik)° a tezt analogous to the

ik
test in Ssctlon 2 of whether 6 (or 0%) is equal to some spoclfied value (not

necessarlly zerc) could also be obtalned. These tests are glven in vhe Sppendix

hereln,
The tests proposed in this and thespreceding section were based, in part,

on the observed distribution of the ntl.k pairs guwkov L) 1=1,2,..0ontl-k, o

TeR]

on the pales “ik“zik’° wheir k35 a fized posiiive integer. Considering all

possible values of k, there are a total of n{n+l)/2 pairs (Uik“vik>° The

bserved distribution of these n(n+l)/2 pairs (¥1k0ui } can be swmarlized in
a 2x2 table; the usual measwre of assoclation compubed for this table wWill be

. STl
squal to the parfial rank corrvelation ecefficlerd, ﬁ betweer X and ¥

PA NI
with "time T held constant® (see % jgigj,o The sltvation consldered heve
18, in a sense, a speclal case of the usual siivation where partial rank
correlation may be of interest; hore the actual observations on the variable

=0 be ¥held constantt, T, are the integers 1,2,....n¥l {or a linesr transformie

. v

cacahed i@ b

W

L sthedd b o e

3
1
i
3
)
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presented in the present paper are {ests based on modified partial rank correli.
tion coefficients where the (ntl.k) pairs of {‘(iﬁcf,"v"ik) are used rather than
the totel n(n+l)/2 pairs. This fqllows from the fact that a test of whether
alc"'Ak differs slgnificantly fros zero is also a tast of whether the usual

measure of assoclatlon for the corvesponding 2x2 table differs significantiy

from zero (see [8:!).,

4. A TEST FOR TREND

For a Owdspendent time series, Cox and Stvart [2}7 have presented a very
simple test for trend that has rather high asymptotic relative efficiency
ageinst the alternative hypothesis that the serles consists of U-dependent
pormal variates having a Llnear trend, For m.dependent time series (m & 0},
this test requires modiflcation, A modified test for trend suitable for
m-dgpendent time series will be presented here. The method used to derive this
tost is similar Lo that used t0 derive the tests presented in the preceding
sections. This method can be ussd to derive other tests for trend, Presenta
ticn herein of the medification of the Cox.Stuart test will make clear how
other tests for O.dependent series can ho medifled in order to obiain tests
for trend in time series that are m—dependent.

Dot Upsl 3f X, % P 0, and Upe0 A X, 0% €0, for
1FL,2y 00,0, DP=E(nHL)/3, vhere (uil) is divisible by 3, (We assume that
Xoneqq~dy has a continvous distribution.) The test proposed in EZ? is based
on the fact that Uimig,;l]; will have a binomial distribution with mean nv/2
and variance n*f4% when X is 3 O-dependent stationary tlme series. A
simple sign test of whether L’f differs significantiy from n'/2 can serve
ag a test for trend in X (seeLl,] Y. Yhen X i3 O-Gependent and stationary.

the asympictic distribuilon of

S i

) . )Y e e

n bl 1.11..m“‘ul.!.ulmm.u mmi‘xQ [T

ibahen, b,
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is normal with zero mean and wnit variancs, This fact also provides us with a
simpls test for trend for O.dependent series,

If % 15 m~dependent, the time series U's i U,;HU;MM.?U,"Q 9}; will also be
m=dependent (for nvZm), If the X series is stationary, the U’ series wiil
also be statiovary. Warlling

niwt

(4.2) £ = & U.0
b7 g L

1
e 7

m
(#,3) gﬁ = nv {z 5 £/ (et} (2me1) /a-} .
=1

we find, using a meihed of derivation similar tco that used in the Appendlx,
that when X is an m-dependent stationary series the asymptotlce distribution

(n-=—300) of

() (00 - nv/2)feg

1.5 normal with zero mean and unit varlanse. the statistic (4.4) can therefore
be used to test for trerd in X, This tast is a modificatlion of the sign test

in {2} where the vardance n'/4 343 now revlaced by (4.3). ¥hen n'! is lerge,

m rl.m
the verm 2 ‘:2“5; £/} Ao {(ho3) cen ba vepluced by 237 o, /{n'en) , uhers
B gn ~

-

= % ™, " &£ '-r" v
& is the sumbsr of valves of J euch thet U 4 =& fre 12§53+ m when

i ?
lfimlg.am‘l ei‘—“-f) whies ﬁﬁmﬁ‘ro

|
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a rocult
We shall prove heressomewhat more general,\than those presented in Seciions

2 and 3 herein, The resulis presented in those secilons will then be viewed
in terms of this wmore general resull, We shali use here the terminclogy of
Section 3. The wmethod of proof presented here can alsce be used to prove the
resullt presented in Secltlion Y.

Ve assume that K and ¥ are medependent, Thus, U(k) and ‘.‘(R‘) are
(mwtk)=dependent. We also assume that U(k) and V(k> are stationary. Let

's
R iuﬁk} FPyeo E {Vik§ ﬁl‘k o for ds1,2,..0,04lek, Writing G‘J,.ng

&Py v
Ry Vapeties FapCOyclype o QU Vypeo we so0 that

YRR P L TN hkJH!JMM.IHHJ“LIU L i s,
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(Ao 1) .Q.nnﬁ:-';iﬁa:&? o
w P
vhere Q = S Q /’ (n¥l-k), and U,V,F,G,H are defined similarly. (Since k
=],

is flwed, we shall for the sake of brevity omit the subseript k associated
with Q,U.¥, ete.) We shall assume that the Q also form an (mtk)mdependent
statlonary series; this will follow as a consequenca, in the case where Ui.k
and V:Lk are independent, of the faet that U('k') and V(k) are (il )e
dependent and stationary, Let E { 3 §a(~) o Applying the Hoeffding-Robbins
form of the central limit theorem [13_] wo find that the asympitotle distribution
of (F - @) !/?ﬂ*l«-k is novwal with zerc mean and variance

(A.2) {G + ?m,{,kr G, H,. G l» o [20mk) + w@%
o 1k g S R 2 S - °

Similarly the asymptotic distribulion of @ V ‘r;:luk s normel with zero mean
and variance
ke
2D B
(4.3) B {G,lk% ¢ ztilm {G Ot k:ﬁ
the asymptotie distribution of H Pk s normal with zero wean and variance

. 5 e
(A.4) & %*ucg 22 E  ndn kg .

Since G converges in probability to zero, U | anﬂ-l--k wlll clso converge in

probability to zero (see [3‘ Po254), Thus, the asymptoilc distyibubion of

T

‘(T‘n GHQ.@)WFn ¥k s also the asymptobic disteibution of (Fue)y™ Ak o We have

T P Ay

therefore shown that the asymptotic distributicn of () -UV-.B)\‘J nHlek iy normal

with mean zero and variance (A.2). Writing

. S
[s-éwf;) @ = Q'”'UV 3

A ovleket (U, OV V(U

-V -V
(4.63 ,;J R A K 1 98 3 A2

t 5 Nkt

R
8
[« >]
<9

W Lok

{‘1. il bl ladh n..m.n..m.m!“ummuu.u,umlL! Ul b 4
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we see that (A.2) can be estimated comsistently by

)
a7y Wo+2z B,

which wo demwols by s

(08 [5Te0 ] 1)/

will be normal with 2evo mesn and wndt variance. A test of the hypothesis that
8 1is equal to some speclfled valve @ o ©an be based on the asympitotlc dis-
tribution of (A.8).

The preceding results dld not make use of the fact that Uik ik
take on only the values 0 or 1, The results will therefore apply as well, if

and V

Uik and vﬁ.k are replaced by W:Lk and Z,’:.k“ respectively. (It will be
necessary to assume that the third moments of wik and Zik are finlte in
order to apply the Hoeffding-Robbins theorem [_3.3}) We thus have obbtained a
generalizatlon of the resuli in Sectlon 2 concerning the asymptetic ddstribution
of (2,18), 7The result presented there wms for the special case where ksl

When U(k) and V(k) are independent, then ©=0, and the varisnce (A.2)
can be replaced by

(8.9) L{G-uc% B .{Hm §“*‘ z 5‘ {08 mj By k§ :

(It showid be mentioned that formuis (4.9) is similar wo, bub different from,
the uwsual formula for the varlance of the obsarved correlation betwsen Lwo

independent linear antoregressive series (ses, e.g., D’lﬁ'ﬁ?”ﬁé})“) Weiting
(4,10) é? e ® G (eaket) T
Y o -
{1 3 = Fl okl YV
(1) @ s = By (0Hakat )T,

a2y e )%/ (n+1ode
&y 4 U ik- o- ’ >

TR

TR TR
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(8.13) & = 5 (VT (medde)
we see that (A.9) can be estimated consistently by

e A S
ke R

g

. 2 2
(A, 14} srss + 2 8 G
e By T AR LR

whioh we denote by ‘."93”%"2,/ (n¥l=k}, Thus, when U(k) and V(k) are independent,

the asympiotic distribubion of
(A.15) (@I (nrrak)/s"

will be asymptotical.y normal wlth zero mesn and wnit variance. This result
will also apply as well, it U:‘Lk and vﬁ.k are replaced by w:’ak and Zik"
respectively. We thus have obtained a goneralization of the resull in Section
2 concerning the asyumptotic distribution of (2.13).

Using the fact that U, and V,, were defined in Section 3 to take on

i

orly the walues 0 or 1, we see that Q.0V = {ak..,;.k) JwHlak), and that the

asynptotic distribution of

"
(16)  (amh )/ 5

where ’ﬂj; is glven by (3.4), is normal with zerc mean and unit variance,
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